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Ranking

A Givenn items,infer an ordering on the items basedon partial sampled
data

A Applications
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Crowdsourcing

A Crowdsourcing : Harnessthe power of humancomputationto solve
tasks

A Applications : Machine learning models, clustering data, scencing
recognition
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Pairwise Measurements

A Pairwise relations over afew object pairs difficultto directly measure
eachindividualobject

A Applications localization Alignment,registration and synchronization,
communitydetection..[Chen & Goldsmith,14]




Part Il : Four Vignettes



Vignettes A System Model and Problem Formulation



System Model

A m crowd usersh itemsto be ranked
A Underlying weight matrix X:low-rank,unknown
A Pairwise comparisons Y € {1,—1},(i,4,k) € @ C [m] x [n] x [n]

A Sampling set Q: partial data
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System Model

A BTL model [Bradley&Terry, 1952:

+1 w.p. f(Aijk)
Yijk =
—1 w.p. 1— f(Aik)
where A, = X;; — X, with the logistic function is

1
1 + exp(=*)

fz) =

A Associated score T}ﬂ = Lo J(Diji)
A Individual ranking list for user i:

(i) (7)
Tﬂ'[l} = T‘JT{?] = > T

Y (1,7, k) € Q,
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Problem Formulation

A Maximum -likelihood estimation (MLE) the negativeloglikelihood
functionis givenby

Loy(X)= > —log(f(Yijr(Xij — Xir)))
(i.j.k) €2

A Low-rank matrix optimization problem

minimize EQ‘Y (X)
Xeﬁm xn

subject to rank(X) =1
Xl < e,

where r<min{m,n}.
11

How to solve this lowrank matrix optimization problem



Vignettes B Problem Analysis
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Vignettes B.1 Convex Methods
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Generic low -rank matrix optimization

A Rankconstrainedmatrix optimizationproblem

minimize f(A(M)) subject to rank(M) =r
MeRan

0 f.R?— R isareatinearmapon n x n matrices

U A4 : RrXn _y R4 IS convexanddifferentiable

A Challenge 1:Reliablysolvethe low-rank matrix problemat scale

A Challenge II: Developoptimizationalgorithmswith optimalstorage
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A brief biased history of convex methods

A 1990s: Interior-point methods(computationallyexpensivé
U Storagecost®(n*) for Hessian
A 2000s: Convexfirst-order methods
U (Accelerated)proximalgradientspectralbundlemethodsandothers
U Storematrix variable ®(n?)
A 2008-Present : Storageefficientconvexfirst-order methods
u Conditionalgradientmethod(CGM)andextensions

U Storematrix in low-rank form O(tn) aftert iterations no storageguarantees

Interior -point: First -order:
CGM:
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Convex Relaxation Approach

A Nuclearnorm relaxationto solvethe originalproblem

minimize Lay(X)
XERTH.P{ L '

subject to | X ||« < ay/rmn,
A Theoretical foundations : Beautifulpearlycompletetheory

A Effective algorithms : Spectralprojectedgradient(SPG)Davenportet
al, 14], Newton-ADMM method|[Ali et al,17]é

U Use generic methods for not huge problems high level languagesupport
(CVX/CVXPYLonvexjl) makesprototypingeasy
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Why not

A Convex methods have slow
complexity

memory hogs, high computational
U Computationallyexpensive
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U Storagessue
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Vignettes B.2 Scalable Nonconvex Optimization
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Recent advances in nonconvex optimization

A 20090Present: Nonconvex heuristics
U BurerdMonteiro factorizationidea+ variousnonlinearprogrammingnethods
U Storelow-rank matrix factors®(rn)

A Guaranteed solutions : Globaloptimalitywith statisticalassumptions

U Matrix completion/recovery[SurL u B0 [ChenrWa | n w A5, [f5b-teé
M al6l|,é

U Phaseaetrievat [Candeset al, 15, [ChenCande$1Y], [SunrQu-Wr i dapt 0

U Community detection/phase  synchronization [BandeiraBoumal
Vo r o nleffMoktanariet al,17],é
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Why Nonconvex Optimization

A Convex methods :

0 Slowmemoryhogs e(n?)

U Highcomputationacomplexitye.g., singularvaluedecomposition
A Nonconvex methods :fastlightweight

U Under certainstatisticaimodelswith benignglobalgeometry

U Storelow-rank matrix factors ©(rn)
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Vignettes C Matrix Manifold Optimization
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What is matrix manifold optimization?

A Matrix manifold(or Riemanniandptimizationproblem

minimize f(M) subject to M € M
McRmMmXn

u f:R™*"™ - R isasmoothfunction
U MisaRiemannian manifold : spheresprthonormal baseqStiefe), rotations,
positive definite matrices,fixed-rank matrices, Euclideardistancematrices,

semidefinite fixedrank matrices linear subspaces(Grassman)) phases,
essentiamatricesfixedrank tensors Euclidearspaces.
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How to reformulate the original problem to Riemannian optimization problg



Reformulate to the Riemannian optimization problem

A The originalproblem

minimize Lqy(X)
XG:‘;«.'" xXn

subject to rank(X) =1r
X[l < a,

where r<min{m,n}.

A Thereformulatedmatrix manifoldoptimizationproblem
x Problemwith respectto Fixedrank matricesmanifold
0 X eM, M:=RP*" x R*" R™*": R"*" removingthe origin
x Challengenonsmoothelementwisanfinity norm constraint
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Smoothing

A Motivation derive smooth objectiveto implementRiemanniamptimization

R™*"  then the function

Proposition 1 Given a compact convex set Gx C
2
pu(X) = plog)_,. eXii/P is a p-smooth approzimation of p(X) = || X ||2, with

parameters (4M?%,log(mn),2) over Gx, where M; = max{|| X ||« : X € Gx}.

non-smooth || X ||, smoothed plogy,. e X/ 1 2



Reqularization

A Motivation Address the constraint of smoothed surrogate of the
elementwiseinfinity norm

A Convexregularizedunction

nimi F(X):= X A log N (X
t@mg{nerj\l/llze (X) == Loy (X)+ XlogN(X),

where M = R x RP*" N(X) = >, eXii and A = r2VK log K

How to develop the algorithm on the manifolc 25



Manifold optimization paradigms
A GeneralizeEuclideamradient(Hessian}o RiemanniagradienfHessian)
vf(ixk:l VMf(X(k)) — PX(k) (Xf(x(k)))

Riemannian Gradier Euclidean Gradient

I
1

Retraction Operator

A We need Riemanniangeometry 1) linearize searchspace into a
; 2) picka , 1.e., Riemanniametric,on to
giveintrinsicnotions of and
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